
Department of Electrical and Computer Engineering 
The Ohio State University 

IROS 2014 Workshop on Whole-Body Control for 
Robots in the Real World 

Centroidal Dynamics for Whole-Body 
Humanoid Control 

Sept. 18th, 2014 

Presenters: Patrick M. Wensing 
                        David E. Orin 

   
   
   



Department of Electrical and Computer Engineering The Ohio State University 2 

Running Long Jump Angular Momentum 

[P. M. Wensing and D. E. Orin, “Development of High-Span Running Long Jumps for Humanoids,” in Proc. of ICRA, 2014] 

Video: http://www.go.osu.edu/Wensing_Orin_ICRA2014 
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Biomechanics Motivation 

•  Centroidal momentum 
–  Linear momentum 
–  Angular momentum about CoM 

(CAM) 

•  CAM in walking 
–  M. Popovic and H. Herr 
–  Well regulated to zero 
–  Large inter-segment cancellations 
–  Center of pressure (CoP) largely 

matches centroidal momentum 
pivot (CMP) 

CoM 

CoP CMP 

CoP=CMP 
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Task-Space Control Motivation 

•  Eases motion design 
–  Behavior-specific task-spaces 
–  Less motion detail required 

•  Example: walking 
–  CoM and feet important 
–  Exact upper-body details not as 

important 

•  Centroidal angular momentum 
–  Coordination target 
–  Angular momentum “Jacobian”? 
–  Centroidal momentum matrix (CMM)  
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[David E. Orin, Ambarish Goswami, and Sung-Hee Lee, “Centroidal dynamics of a humanoid robot,” Autonomous Robots, 2013.] 
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Theory – Transformation Diagram 

–  “Inertia-weighted” average velocity 
–  Composite-Rigid-Body (CRB) Inertia 
–    vG = I�1

G hG

System Velocity 

System Momentum 

Centroidal Momentum 
Average Velocity 

Transformation Diagram 

I  h 

System Inertia (Composite-Rigid-Body Inertia) 

A
G  = X

G T I J  

[David E. Orin, Ambarish Goswami, and Sung-Hee Lee, “Centroidal dynamics of a humanoid robot,” Autonomous Robots, 2013.] 
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•  Unit velocity method to construct 
centroidal momentum 

•  Computational Algorithm 
–  Inspired by CRB Algorithm 
–  O(N) complexity 
–  Computation > 3 kHz for a humanoid 
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Algorithm for the CMM 

úqi

Joint Free-Mode Matrix 
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Composite-Rigid-Body Inertia 
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[David E. Orin, Ambarish Goswami, and Sung-Hee Lee, “Centroidal dynamics of a humanoid robot,” Autonomous Robots, 2013.] 
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inputs: model, �i, iXp(i), q̇i
output: AG, hG, IG, vG
model data: N , p(i), Ii

IC
0 = 0

for i = 1 to N do
IC
i = Ii

end
for i = N to 1 do

IC
p(i) = IC

p(i) +
iXT

p(i) I
C
i

iXp(i)

end
hG = 0
for i = 1 to N do

iXG = iXp(i)
p(i)XG

(AG)i = iXT
G IC

i �i

hG = hG + (AG)i q̇i
end
IG = 0XT

G IC
0

0XG

vG = (IG)�1 hG

TABLE I
RECURSIVE ALGORITHM FOR COMPUTING THE CMM, CENTROIDAL

MOMENTUM, CENTROIDAL COMPOSITE RIGID BODY INERTIA (CCRBI),
AND AVERAGE VELOCITY

(CRBA) for computing the joint-space inertia matrix H in
[7]. The CRBA was first developed by Walker and Orin [34]
and is one of the most efficient algorithms for computing H .

Note that 0X G is needed in the last recursion for i = 1 .
Since the coordinate axes of frames 0 and G are set to be
parallel, and noting the form for X as given in Eq. 2, then

0X G =


1 0
S(Gp0)T 1

�
=


1 0

S(0pG ) 1

�
. (62)

The vector 0pG is just the position vector from the reference
frame 0 to the centroid of the system; i.e., 0pG = cG . It may
be easily derived from I C

0 noting the form for the spatial
inertia given in Eq. 5. In fact, in the efficient 3D realization
of the 6D spatial operations [7] for the algorithm, M , (M cG ),
and øI C

0 are stored in place of I C
0 so that cG is easy to

compute.
The computation in the algorithm in Table I grows lin-

early with the number of joints so that the complexity is
O(N ). Furthermore, the spatial operations in the table can
be implemented with optimum efficiency using the equivalent
3D operations given in [7]. Table 2.1 in [7] provides the 3D
representations for X , I , and other 6D spatial quantities, so
that the following operations in the algorithm are efficiently
implemented: X T IX , X 1X 2, and X T I ! .

VII. CONSTRAINTS FOR SINGLE OR DOUBLE SUPPORT

With the humanoid in single or double support, there are
constraints imposed on the joint velocities, including the
spatial velocity of the floating base link (typically the torso).
In this section, the constrained CMM, A c

G , is derived for the
constrained system.

The constraints on the velocities can be expressed in the
form of a linear equation [7],

L úq = 0 , (63)

where L is an nc ! n matrix, n is the number of degrees of
freedom in the unconstrained system, and nc is the number of
constraints. Note that the right side of the equation may, for
instance, represent the zero velocity of a foot relative to the
ground. However, if the relative velocity at the constraint is
nonzero, this can easily be incorporated into the development.

To proceed, extract m linearly independent rows from L ,
where m = rank( L ), and partition the joint velocities into
n " m primary variables, úqP and m secondary variables, úqS :

úq =


úqS
úqP

�
. (64)

Equation 63 may be written in terms of these variables:

[L S L P ]


úqS
úqP

�
= 0 , (65)

or
L S úqS + L P úqP = 0 , (66)

where L S is an m ! m matrix formed by extracting m
independent rows and columns from L and L P is m! (n" m).
Efficient procedures for choosing the primary variables (gen-
eralized coordinates) and secondary variables and associated
constraint matrices are given in [21]. Since L S is always
invertible, the secondary joint velocities may be expressed
in terms of the primary velocities as:

úqS = " L ! 1
S L P úqP . (67)

Using Eqs. 18 and 64, the centroidal momentum may be
expressed as a function of the primary and secondary joint
velocity variables:

hG = A G úq = A G


úqS
úqP

�
= A GS úqS + A GP úqP , (68)

where A GS and A GP are 6 ! m and 6 ! (n " m) matri-
ces, respectively, that are formed from the columns of A G .
Substituting úqS from Eq. 67 into this equation gives:

hG =
�
A GP " A GS L ! 1

S L P
�

úqP = A c
G úqP , (69)

which gives an expression for A c
G :

A c
G = A GP " A GS L ! 1

S L P . (70)

As an example, consider the case where the velocity of the
kth foot vF,k for a 6 degree-of-freedom leg is zero (single
support):

vF,k = J F,k úq = 0 , (71)

where J F,k is the Jacobian for the foot. If the secondary joint
velocities are chosen as the kth leg joint velocities, then

úqS =

2

6664

úqj,k
úqj +1 ,k

...
úqj +6 ,k

3

7775
, (72)

where úqj,k is the velocity of the j th degree of freedom of leg
k. The primary and secondary parts of the constraint matrix
L are then given as:

L P =
⇥
J 1

F,k 0 á á á0
⇤

, (73)

Algorithm for the CMM 

Composite Rigid Bodies 
O(N) 

CMM and Centroidal Momentum 
O(N) 
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NX

i=1

iXT
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[David E. Orin, Ambarish Goswami, and Sung-Hee Lee, “Centroidal dynamics of a humanoid robot,” Autonomous Robots, 2013.] 
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hG = AG q̇

ḣG = AG q̈ + ȦG q̇

= fG

Second Order - Centroidal Dynamics 

•  Newton and Euler equations for whole system 

•  No need to compute 
–  Similar to bias forces in: 

–              can be computed by an inverse dynamics routine  

úA G

H ¬q + C úq + G = !

Net Wrench at CoM 

ȦG q̇
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•  Constrained optimization formulation 

•  Commanded momentum rates 

Centroidal Momentum within Task-Space Control 

[P. M. Wensing and D. E. Orin, “Generation of Dynamic Humanoid Behaviors Through Task-Space Control with Conic Optimization,” in Proc. of the ICRA, 2013.] 
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Application: Dynamic Kick 

Balance 
(Middle) 

Balance 
(Left) 

Lift Kick 

•  Linear momentum targets 
–  Simple CoM splines 

•  Centroidal angular momentum (CAM) 
targets 
–  Zero desired yaw & roll momentum 
–  Non-zero desired pitch momentum 

•  Other tasks 
–  Nominal pose + torso orientation 
–  Foot position/orientation (SE(3) PD) 

Priority Task 

1 Feet 

2 Linear Momentum (CoM) 

3 Pose 

3 CAM 

[P. M. Wensing and D. E. Orin, “Generation of Dynamic Humanoid Behaviors Through Task-Space Control with Conic Optimization,” in Proc. of the ICRA, 2013.] 
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Kick – CAM Control Off 
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Kick – CAM Control On 

[P. M. Wensing and D. E. Orin, “Generation of Dynamic Humanoid Behaviors Through Task-Space Control with Conic Optimization,” in Proc. of the ICRA, 2013.] 

Video: http://go.osu.edu/Wensing_Orin_ICRA2013 
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Jumping on Uneven Terrain 

•  Principle of dampening angular momentum 
–  General to uneven terrain 

•  Assumptions 
–  No terrain information known 
–  Torque control at joints 

(a)!! (b)!!

Priority Task 

1 Feet 

2 Centroidal Momentum 

3 Pose 

[P. M. Wensing and D. E. Orin, “Generation of Dynamic Humanoid Behaviors Through Task-Space Control with Conic Optimization,” in Proc. of the ICRA, 2013.] 
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Application to a Standing Broad Jump 

[P. M. Wensing and D. E. Orin, “Generation of Dynamic Humanoid Behaviors Through Task-Space Control with Conic Optimization,” in Proc. of the ICRA, 2013.] 

Video: http://go.osu.edu/Wensing_Orin_ICRA2013 
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High-Speed Humanoid Running 
•  Linear momentum control 

–  3D-SLIP template provides CoM  
trajectories online 

–  Template controlled once per step 

•  CAM control 
–  Zero desired angular momentum (yaw & roll) 
–  Pitch angular momentum not controlled 

Priority 

Flight 1 
Stance  
Left 

Flight 2 
Stance 
Right SLIP LO 

SLIP LO 

TD TD 

[P. M. Wensing and D. E. Orin, “High-Speed Humanoid Running Through Control with a 3D-SLIP Model.” in Proc. of IROS, 2013.] 
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Video Results 

[P. M. Wensing and D. E. Orin, “High-Speed Humanoid Running Through Control with a 3D-SLIP Model.” in Proc. of IROS, 2013.] 

Video: http://go.osu.edu/Wensing_Orin_IROS2013 
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Angular Momentum Control 

•  Yaw angular momentum is well regulated 
•  Upper body and lower body out of phase 

–  Arms commanded to swing with opposite leg 
–  Angular momentum control modifies command 
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[P. M. Wensing and D. E. Orin, “High-Speed Humanoid Running Through Control with a 3D-SLIP Model.” in Proc. of IROS, 2013.] 
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Non-Steady-State Results 

[P. M. Wensing and D. E. Orin, “High-Speed Humanoid Running Through Control with a 3D-SLIP Model.” in Proc. of IROS, 2013.] 

Video: http://go.osu.edu/Wensing_Orin_IROS2013 
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Nonholonomy in Whole-Body Motion 

•  Falling cat conundrum 
–  Zero centroidal angular 

momentum 
–  Reorientation of torso 

•  Conservation of CAM 
–  Nonholonomic constraint 
–  No rotational position analog 

of CoM 

Falling Cat 
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Nonholonomy in Whole-Body Motion 



Department of Electrical and Computer Engineering The Ohio State University 22 

Running Long Jump – Excess CAM 
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Conclusions 

•  Centroidal angular momentum 
–  Useful coordination target for whole-body motions 
–  Centroidal Momentum Matrix (CMM) allows easy integration 

into task-space control frameworks 

•  Applicable across many scenarios 
–  Pre-flight control 
–  Standing balance on even and uneven terrain 
–  Dynamic locomotion 

•  Open Questions 
–  Non-zero centroidal angular momentum targets? 
–  Use of cyclic motions for reorientation? 
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Questions 
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