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I. I NTRODUCTION
Task-based controllers are widely used for generating
the whole body motion of humanoid robots. This class of
controllers allows the execution of operational tasks given
a hierarchical order. An exponential convergence of each
hierarchical task is commonly used. To achieve a desired
time convergence (DTC), particular time-varying gains have
been suggested [1], [2] and [3]. In this context, we propose
a general strategy relies on terminal attractors to induce
DTC of a family of linear differential equations without
dependency on the final time or initial conditions. These
equations represent the time derivative of the error function
in task-based control (see Sections II and III).
In some scenarios, whole-body controllers need to modify
the hierarchy of active tasks but also to insert new constraints
or to remove existing ones. These operations are called
task transitions and should be computed while the robot is
moving. Thus, if the transitions are not correctly performed
then discontinuities appear in the control signals (see Section
IV). For this, we adopt a weighting method for solving linear
least-squares under linear constraints and we extend it to
solve real-time smooth task transitions while applying DTC
of hierarchical tasks (see Section V).
II. E NFORCING DESIRED TIME CONVERGENCE

where q ∈ IRn (with n ≥ m), x(q) ∈ IRm and xd ∈ IRm are
the robot configuration, the current and desired value of the
task, respectively. From the time derivative of (1), a control
law for q̇ is obtained as:
q̇ = −J(q)+ ė(q, t)

(2)

where J(q)+ is the pseudo-inverse of the task Jacobian
J(q) ∈ IRm×n . An exponential convergence is commonly
used such that
ė(q, t) = −αe(q, t)
(3)
Some time-varying functions α(t) have been proposed in
[1], [2] and [3] to avoid the discontinuity when the task
becomes active. In this work we propose the following
terminal attractor:
˙ t0 , tf )
ξ(t,
α(t, t0 , tf ) =
(4)
1 − ξ(t, t0 , tf ) + δ
where 0 < δ < 0.1, t0 and tf > t0 are the initial and final
times, respectively. Hereafter, the dependence on t0 and tf
will be only used when necessary. The function ξ(t) is called
time base generator (TBG) [4]. The gain δ is useful to avoid
the indetermination at t ≥ tf when α(t ≥ tf ) = 0/δ, [5].
˙ and α(t) reach their final values at t = tf
Note that ξ(t), ξ(t)
(see Fig. 1). The function α(t) is called TBG gain, its value
is null at the initial time and after the final time.
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Abstract— The aim of this work is to increase the dexterity
of humanoid robots by handling both the time axis and the
necessary transitions of kinematic tasks during the execution of
whole-body motions in real-time. The desired time convergence
(DTC) of tasks is commonly achieved by finding the appropriate
control gains at hand. Also, it is known that the execution
of a sequence of tasks as well as the insertion, removal
and swapping of hierarchical tasks or constraints generate
undesired discontinuities in robot velocities. Recently, some
control schemes solved these problems but they are either
computationally expensive for real-time purposes or they need
to modify the main structure of the hierarchical task-based
solver. In this work, we propose a class of terminal attractors to
automatically control the DTC of tasks. In addition, we propose
a real-time strategy to handle smooth transitions of hierarchical
tasks or constraints by time-varying weights. We validated our
whole-body control strategy with the humanoid robots NAO
and HRP-2.
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Fig. 1. From the top row to the bottom: Profiles of the TBG function ξ(t),
its time derivative ξ̇(t) and the TBG gain α(t). All functions are continuous
and their final values are reached at the desired final time tf = 6.

Consider a task function of the form:
e(q, t) = xd − x(q)

(1)
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The solution of each equation in (3) and its derivative using
the TBG gain in (4) become:


ξ(t)
e(t) = e(t0 ) 1 −
(5)
1+δ
!
˙
ξ(t)
ė(t) = −e(t0 )
(6)
1+δ

7

The shapes of e(t) and ė(t) closely follow the profiles
˙
of 1 − ξ(t) and -ξ(t),
respectively. This means that e(t) is
a smooth function that asymptotically converges to its final
value at t = tf regardless of e(0).

B. Time-constrained hierarchical task transitions
1) Intermediate desired value approach (IDVA) with TBG:
The IDVA [13] can be extended to handle time constraints
together with task transitions by defining the operational
reference velocities as:

III. DTC FOR HIERARCHICAL TASKS [6]
Hierarchical inverse kinematics (HIK) [7] is widely used
to efficiently exploit the robot redundancy by performing
each task at best without affecting tasks with higher levels of
hierarchy. This is achieved by solving each task in the null
space of all tasks with higher hierarchy. The control law for
p equality tasks is [8]:
q̇ 1

= −J1 (q)+ ė1 (q, t)

q̇ k

= q̇ k−1 + Q+
k −ėk (q, t) − Jk (q)q̇ k−1



(7)

where k ∈ [2, 3, . . . , p] is the task index ordered with
decreasing hierarchy, Qk = Jk (q)Pk−1 ∈ IRmk ×n projects
Jk (q) onto the shared null space of all tasks with higher
hierarchy. Algorithmic singularities, occurred when Qk loses
rank, may be avoided by using the classical damping [9].
To induce DTC, we introduce the TBG gain in (7):
q̇ 1

= −J1 (q)+ ė1 (q, α, t)

q̇ k

= q̇ k−1 + Q+
k −ėk (q, α, t) − Jk (q)q̇ k−1



(8)

Note that the stability analysis in [10] holds due to the
positiveness of α(t) for all time.
IV. DTC WITH TASK TRANSITIONS [11]
This section shows how to enforce DTC under transitions
by extending recent strategies that allow to perform the
insertion, removal and swapping of tasks smoothly.

ė0k (q, α, Hξ̂ , t)

+

q̇

=

q̇

=

A 1
q̇ i−1
A 1
q̇ i−1

where
(10)

in
rm
and trm
as the initial and final insertion
with tin
0 , tf , t0
f
and removal times, respectively. By deriving w.r.t. time (9)
and by including the TBG gain (4), the control law is:
H

q̇ = J(q)⊕
where e(q, α, Hξ̂ , t) =
H

ξ̂

e(q, α, Hξ̂ , t)

ˆ
+ ξ(t)
ˆ
+ ξ(t)

A i
q̇ p
A i
q̇ j

V. R EAL - TIME TASK TRANSITIONS WITH DTC [15]
We propose to build a transition phase where the tasks
in transition are merged in the same hierarchical level with
time-varying weights to invert the hierarchies. The advantages of this method are that the HIK solver is not modified
and the computational cost is not increased. Thus, it enables
the possibility of being used in real-time applications.
According to [16], the constrained least-squares problem:
x

s.t.

operator J(q)⊕ ∈ IRn×m preserves the continuity during
the transition [12].

1
2
kGx − gk
2
Hx − h = 0

(15)

is equivalent to the following unconstrained one:


  2
1
G
g
min
x−
βH
βh
x 2

(16)

where x ∈ IRn , G ∈ IRm×n , g ∈ IRm , H ∈ IRp×n and
h ∈ IRp . β is a positive finite gain which preserves the
equivalence between two problems under the following assumptions: rank(H) = p and N (G) ∩ N (H) = {0}. The
goal is to transit smoothly from
1
min
||wk | |2
q̇ k ,wk 2

(11)



α(t)Hξ̂ (t) + Ḣξ̂ (t) e(q, t). The

B j
ˆ
+ (1 − ξ(t))
q̇ p
(13)
j
j+1
B
A
ˆ
+ (1 − ξ(t))
q̇ i + q̇ p (14)

where the left upper script denotes the arrange of tasks
in the hierarchical structure before and after the swap (A
and B respectively). Note that method (13) computes twice
the remaining levels while method (14) only doubles the
computation at levels i and j at the cost of modifying the
HIK solver.

Let us redefine the task error in terms of an activation
matrix Hξ̂ (t) , diag{ξˆ1 (t), . . . , ξˆm (t)}

ˆ = ξin (t, tin , tin )(1 − ξrm (t, trm , trm ))
ξ(t)
0
f
0
f

{ξ̂1 ,...,ξ̂j ,...,ξ̂p }

min

(9)

(12)

where j 6= k and q̇ {ξ̂1 ,...,ξ̂j ,...,ξ̂p } is the current solution
without task k.
2) Linear interpolation (LI) with TBG: Let i and j be
the indexes of two consecutive tasks where their hierarchy
should be interchanged. The swap is performed by a LI
between two partial control laws [14]. This operation can
be expressed in two forms:

A. Activation and removal of constraints

ˆ t) = H (t)e(q, t)
e(q, ξ,
ξ̂

ξˆk (t)ėk (q, α, Hξ̂ , t)
(1 − ξˆk (t))Jk (q)q̇

=

B

s.t.
A

Jk (q)q̇ k − B ėdk (q, α, Hξ̂ , t)
A

Jk−1 (q)q̇ k − ėdk−1 (q, α, Hξ̂ , t)
J¯k−2 (q)q̇ k − ē˙ d (q, α, H , t)
k−2

ξ̂

(17)
=

B

wk

=

A

w∗k−1

= w̄∗k−2

to
1
min
||wk | |2
q̇ k ,wk 2
A

s.t.
B

Jk (q)q̇ k − A ėdk (q, α, Hξ̂ , t)

(18)
=

A

wk

Jk−1 (q)q̇ k − ėdk−1 (q, α, Hξ̂ , t) =
w∗k−1
J¯k−2 (q)q̇ k − ē˙ dk−2 (q, α, Hξ̂ , t) = w̄∗k−2
B

B

where A and B identify the tasks in transition and the bar
represents a stack. wk ∈ IRm is a vector of slack variables
used to relax the infeasible constraints with hierarchy k and
w∗k−1 represents the optimum value of wk−1 .The proposed
transition phase is:

 2
1
βA (A wk )
(19)
min
B
q̇ k ,A wk ,B wk−1 2 βB ( wk−1 )
A

s.t.
B

Jk (q)q̇ k − A ėdk (q, α, Hξ̂ , t)

=

B

A

wk

B

Jk−1 (q)q̇ k − ėdk−1 (q, α, Hξ̂ , t) =
wk−1
¯
˙
Jk−2 (q)q̇ k − ēdk−2 (q, α, Hξ̂ , t) = w̄∗k−2

where βB smoothly evolves from 1 to a big value and
βA evolves from a big value to 1 (see Fig. 2). Then, the
idea is to switch from (17) to (19) at the beginning of the
transition period tr0 . The initial value of βA should preserve
the hierarchies of (17) to avoid a discontinuity. After this
switch, βA should decrease its value until reach βA = 1. At
that moment both tasks have the same priority since βB = 1.
After βA has reached its final value, βB begins its variation
toward its final value reached at the end of the transition
period tftr . Then, at t = tftr the problem (19) is replaced by
(18) to end the swap process. Note that βB in (19) should
preserve the hierachical order of (18) to void a discontinuity.
This strategy requires to perform a set of sequential swaps
to insert a task. The new task is merged with the task with
lowest hierarchy by solving:
 A
 2
1
wp
min
(20)
B
wp+1 βins
q̇ k ,A wp ,B wp+1 2
s.t.

A

Jp+1 (q)q̇ p+1 − A ėdp+1 (q, α, Hξ̂ , t)

=

A

wp+1

Jp (q)q̇ p+1 − B ėdp (q, α, Hξ̂ , t) = B wp
J¯p−1 (q)q̇ p+1 − ē˙ dp−1 (q, α, Hξ̂ , t) = w̄∗p−1
B

Note that βins = 0 at t0tr because this task was not in
the hierarchy. Then, a set of swaps brings the new task to
the desired hierarchical level. In order to remove a task, the
reverse process must be performed.
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